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Closed-Form Approach to Rocket-Vehicles

Aeroelastic Divergence

Dov Elyada*
Israel Armament Development Authority, Haifa, Israel

The aeroelastic divergence of a class of rocket-vehicle configurations is studied in closed form. The class is
characterized by having the lateral aerodynamic loads distributed mainly about the vehicle nose and tail. The
purpose is to demonstrate the feasibility of a closed-form approach and its usefulness in pinpointing the
essentials of, and lending insight into, the phenomenon. The equations of motion are first derived; then, a
dynamic frequency-domain stability analysis is carried out, yielding simple formulae for the divergence dynamic
pressure and generalized static margin. The predivergence short-period roots behavior is also found. Expressions

are derived for the steady-state angle of attack, accelerations, aerodynamic loads, and elastic bending of a
perfectly aligned vehicle at divergence and of a misaligned vehicle at predivergence. For application to actual
cases, a method is developed by which actual aerodynamic distributions may be converted into a form admissible
to the theory. Validity is confirmed by comparison of results with those of a more exact theory and with
available experimental data.
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Nomenclature

coefficients, defined by Eqgs. (11)
coefficients, defined by Eqgs. (15)
vehicle lift-slope distribution, Fig. 2
rigid-vehicle aecrodynamic derivatives,
Egs. (5)

lift-slope coefficients of Ly, Ly

N, CT = lift fractions, defined by Egs. (7g,h)

(EI, = reference beam bending stiffness

11> &12> £21> €02 = inertia-flexibility influence
coefficients; Eq. (4)

ho, h = rigid and generalized static margins;
Egs. (7d), (18)

I = rigid vehicle lateral moment of inertia
around CG

Jé = nondimensional moment of inertia;
Eq. (7b)

K, n=0...3 = nth-order moment of the lift-slope
distribution; Eq. (28)

L = vehicle total lift force

Ly, Lt = nose and tail concentrated lift forces;
Fig. 3

L, = aerodynamic and overall vehicle
lengths; Fig. 2

In, I = nose and tail lever arms; Fig. 2

M = vehicle total pitching moment
around CG

m, m’(x) = vehicle total mass and mass
distribution function

0.q = dynamic pressure, pU?/2, and
nondimensional; Eq. (7i)

ré = constant, defined by Eq. (7c)

S, = vehicle aerodynamic reference area

s, s, 5@ = Laplace’s variable and roots
of Eq. (14)

U = vehicle speed, flow speed; Fig. 3

wi(x) = vehicle deformation function; Fig. 3
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coordinate axis along the rigid line;
Figs. 2 and 3

x-coordinates of points N, T, CP, CG;
Fig. 2

rigid line angle of attack; Fig. 3
flight-path inclination; Fig. 3
nondimensional gy, 212, &21, &2}

Eq. (7k)

nondimensional lateral acceleration;
Eq. (10a)

Body angle of the rigid line; Fig. 3
nondimensional nose and tail lever
arms; Eqs. (7e,f)

mass ratio, vehicle/air; Eq. (7a)
wind axes, Fig. 3

aerodynamic ‘‘standard deviation’’;
Eqg. (31)

elastic increments of nose and tail
local angles of attack; Fig. 3
nondimensional pitch rate; Eq. (10b)
misalignment increments of nose and
tail local angles of attack
short-period mode angular frequency
derivative with respect to time
derivative with respect to nondimen-
sional time; Eq. (7))
Laplace-transformed variable

at discriminant vanishing; Fig. 4

at divergence stability boundary

at vanishing of the generalized static
margin

of nose point, tail point, respectively
of initial conditions

at steady state

Introduction

Y ‘““‘Rocket-Vehicle Aeroelastic Divergence (ROVALD)”’
we refer to a nonoscillatory instability involving, in a
closed loop, the vehicle angle of attack, lateral accelera-
tion, structural bending and loss of static margin. It usually
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leads to structural failure!? and, in any case, to undesirable
effects such as trajectory errors and roll-resonance.??
The closed-loop mechanism and its effects are depicted in
Fig. 1. Its stability and severity of effects strongly depend
on the flight dynamic pressure. Though ROVALD is inherent
in unguided, very slender configurations such as sound-
ing rockets,!”? it is by no means absent from slender guided
missiles, launch vehicles, and certain flexible aircraft con-
figurations. In the latter group it is usually absorbed in the
general aero-servo-elasticity problem.

Several relatively elaborate numerically based procedures
for calculating ROVALD have been developed in the past.
References 4-9 are examples dealing with nonrolling vehicles.
However, whereas in other aeroelastic fields, e.g., wing diver-
gence and flutter, simple ‘‘textbook’’ models have been
devised — for purposes of instruction as well as for ‘“‘back of
the envelope’’ estimations — ROVALD seems to have missed
this kind of approach. A probable reason: it is not quite
obvious how to make the structural side of the problem
statically determinate, a feature that seems imperative in such
analyses. In this paper we demonstrate that, provided the
aerodynamic configuration cooperates, this is indeed possible.
Consequently, a theory of ROVALD is developed in closed
form, yielding remarkably simple yet reasonably accurate
expressions. Nevertheless, it is not our purpose here to
compete for accuracy with more general numerical schemes.
Rather, the work is intended to shed light on the physical
essentials of ROVALD, while the relative accuracy obtained is
looked upon as a confirmation of getting these essentials right.

The aerodynamic configuration we focus upon consists of a
nose cone or ogive, a slender cylindrical body, and a system of
tail fins. In such configurations (Fig. 2), lift is distributed
mainly on the nose and tail and is naturally idealized into a
pair of concentrated forces: a nose force and a tail force. For
brevity we will refer to such configurations as ‘2L.”

The key idea making the closed-form approach possible lies
in regarding the two concentrated lifts as support reactions of
a statically determinate bending beam representing the vehicle
structure. The beam is loaded by distributed inertial loads,
resulting from only two rigid-body modes of lateral accelera-
tion — the effect of higher modes neglected. The aeroelastic
loop is closed by letting the motion in the two modes be
determined by the two lifts through rigid-body relations.

After deriving the vehicle aeroelastic equations of motion, a
dynamic, frequency-domain stability analysis is carried out,
resulting in expressions for the divergence dynamic pressure
and the generalized static margin, and revealing the prediver-
gence short-period roots. The steady-state behavior of a
diverging perfectly aligned vehicle and a predivergent mis-
aligned vehicle is then investigated. Finally, a method is
developed that converts distributed lifts into equivalent
systems of two concentrated forces. Using this method
comparisons are made with results of a more exact theory for
some rather realistic cases. Comparison with actual ROVALD
data is also presented.

Equations of Motion

Let a slender, flexible, unguided, nonrolling, 2L-configured
rocket vehicle be given. Let the lift distribution be approxi-
mated by two concentrated forces as shown in Fig. 3. The
points of application of the forward and aft forces will be
called the nose point (N) and the tail point (T}, respectively.
These, together with related geometrical properties, are shown
in Fig. 2. The distance between points N and 7, denoted by /,
will be called the aerodynamic length of the vehicle and will
serve as a typical length of the problem.

We shall proceed to derive the two-degrees-of-freedom
short-period mode equations, as influenced by the vehicle
flexibility. In this we shall assume the following:

1) The motion and elastic deflection of the vehicle, and the
forces acting on it, are contained in the “‘vertical’’ plane.
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Fig. 1 Rocket vehicles aeroelastic divergence— mechanism and ef-
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Fig.2 A ‘2L’ configuration, typical aerodynamic lift-slope distri-
bution and related geometrical quanities.

2) The only external forces acting on the vehicle are the
aerodynamic lift forces. Thrust, drag, and gravitation are
absent. The aerodynamic forces are quasisteady and propor-
tional to the local effective (small) angle of attack at their
respective points of application.

3) Structurally, the vehicle is considered a simple, nonuni-
form bending beam represented by an elastic axis. Deflections
and slopes are assumed small. The mass is regarded as dis-
tributed on, and rigidly attached to, the elastic axis.

4) The accelerations associated with deformation are negli-
gible compared to the ones connected with rigid-body motion.
(For this to be true, the frequency response band of the first
free-free bending mode must be higher than, and well
separated from, that of the short-period rigid-body mode.)

If assumption 4 is to be meaningful, it is necessary to specify
how the motion of a vehicle point-mass is partitioned into
rigid-body and elastic constituents, an operation otherwise
quite ambiguous. To this end we define the rigid line, an
imaginary straight line passing through points N and T on the
deformed elastic axis, and agree to measure deformation
relative to it. The “‘rigid-body motion’’ is thus the motion of
the rigid line. The perturbed vehicle, the rigid line, and related
quantities are shown in Fig. 3.

We choose as a reference frame the inertial wind axes &,{
(Fig. 3), which, at the time-of-interest 7, happen to possess the
instantaneous vehicle vector-velocity, with the £-axis pointing



MARCH-APRIL 1989

Elastic Line

-
2

\

<t

- H,. i
Deformation S

Fig.3 The perturbed vehicle, reference frame, displacement parti-
tion, rigid and elastic DOF and aerodynamic loads.

¢

in the direction of that velocity. Disturbance of the vehicle
produces only minute changes in the magnitude U of that
velocity; hence we take U = const. The two degrees of
freedom describing the rigid line motion are chosen as v, the
inclination of the flight path of the center of mass projection
on the rigid line, and 8, the body angle of the rigid line. The
rigid line angle of attack, o = 6 — v, is assumed small. Also
shown in Fig. 3 are ¢, and ¢7, the elastic increments of the
local angles of attack at points N and T, respectively.

A consequence of assumption 4 is that the equations of
motion of the rigid line are the same as those of the vehicle
itself regarded as rigid. Let m be the vehicle mass, 7 its lateral,
around-CG moment of inertia, then

BBl

L, the total lift, and M, the total pitching moment around
CG, are related to the nose and tail lifts Ly, Ly, and to their
respective lever arms /y, /7, (Fig. 2) as follows:

{ALA - [1; —llr] {Ii};} @

Next is the matrix form of the aerodynamic forces as
determined by assumption 2,

(d=os| e 1[0 0] L )

©)]

where Q is the dynamic pressure, S, the aerodynamic reference
area, and C;, , Ci,_ the lift-slope coefficients associated

. N ar
with Ly, L7, respectively.

For expressing the vehicle elastic properties we replace ad
hoc our reference frame by one which is fixed to the rigid line.
This frame is, in general, noninertial, wherein point-masses
appear loaded by apparent d’Alambert forces linear in the
frame acceleration parameters Uy and . Relative to this
frame the picture is that of a statically determinate bending
beam, simply supported at points N and T, loaded exclusively
by the above d’Alambert forces and having Ly and Ly for
support reactions. The resulting beam deflection, which by
assumption 4 is quasistatic, [hence the absence, in Eq. (4), of
time derivatives of ¢n and ¢;] can be regarded as a direct
consequence of U5 and §, and its features of interest expressed

as
N _ | 8u &n U7 (@)
or g1 8&n 0

Appropriate influence coefficients g;; are calculated as fol-

lows. Assume that in Fig. 3 the deflection w(x) is a
combination of two modes, numbered 1 and 2, caused by
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“downward’’ distributed loads m’(x) and (x — x.)m’(x),
respectively, m’(x) being the vehicle mass distribution. Then

gy = ¢y in mode 1; 812 = ¢nin mode 2

(4a)

81 = ¢rinmode I; gy = ¢, in mode 2

The equations of motion are now obtained by expressing all
forces and deformations in terms of v, 6, «, and their der-
ivatives, using Eqgs. (1-4). Define

3 (L
e = 5a <Q_S> = Cray ¥ Crog (5a)
O (MY _h, _Ir
Crta = 34 (QS,I) = 7 Cray = 7 Clay (5b)
3 M Iv)2 I\

Cy =——-|—) = =12 ~ (L

Mo = 5(1670) <QS,I> <1> Cray <1> Clag
(5¢)

The quantities C; ,, Cpy,, and CMq are the conventional, rigid-
vehicle lift, and pitching moment coefficient derivatives with
respect to « and ¢ = /6/U. Note that in these definitions the
reference lever-arm is the aerodynamic length / rather than the
usual reference diameter. Using Eq. (5) we obtain

( 1 [—IZCMq —cha] [m 0} 1

0S,°C,, Croy | ~1Cw,  Cif |0 1]77

% |:lT IN] [gu 812]> {U'y}+ -1 0 a | fo
I 821 &» 0 0 1(lvu) (o

6

Let us introduce the following nondimensional quantities:

w = m/(pS,d) (mass ratio) (7a)
Ji = I/(m? (7b)
= =Cu,/Cr, (7c)
hy = —Cy,/Cy, (rigid static margin) (7d)
A = In/l (Te)
A =g/ (71)
en = Cpo, /Cr, (78)
cr = Cp,/C, (7h)

q = QS,I/(ED),
[(EI), = reference beam stiffness] (71)
O = oy (5

EI

o] = o [ 2

Using Egs. (7), a nondimensional form of Eq. (6) is obtained:
1 ¢ h 10
2#( o ho | —a Ar Ay
CNCTCLO‘ hy 1 0 Jjg 1 -1
)\11 )\12 A -1 0 o4 _ 0 (8)
x [M "z l) ST 0 1] lerST Lo
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The term involving g expresses the influence of flexibility.
Observe [Eq. (7i)] that besides being a nondimensional dy-
namic pressure, g is a measure of the ratio of aerodynamic to
structural stiffnesses. Thus ¢ = 0 marks the rigid-body limit
as well as that of zero dynamic pressure.

To complete the system of equations we supplement Eq. (8)
with A — 8 + a = 0 (Fig. 3) or, preferably, with

Y* -0+ a*=0 o

For brevity we define

17 = v* nondimensional lateral acceleration (10a)
x = 6* nondimensional pitch rate (10b)
An(g) = 20| -8 AT + ANY

w(g) = 2p enerCre —q(Ar7n + ATn) (11a)
A()=27—Iﬂ)ﬁ———()\7 + ANTY2)

2q) = M_CNCTCLa qg(Ari N 22 (11b)
@) = 2| " —g(r — 1)

2q) = M_CNCTCL(, gl 21 (11c)

[ i
= 2 gV — ¥

Axn(q) zu\_CNCTCLa g7 2) (1d)

After some manipulation, Eqs. (8) and (9) are now expressed
as
Am+ Apx* —a =0
(A+A)m + Apx™ + a* =0 (12)
n — x +a*=0

which are the aeroelastic short-period mode equations used in
this work.

Frequency-Domain Analysis
Consider a Laplace transform of Eq. (12), s denoting
Laplace’s variable and ‘‘bars’’ denoting transformed quanti-
ties. For stability analysis zero initial conditions are taken:

Ay sA;; —1 7(s) 0
1 + Ay sAyp —s Xx(s) = 0 (13)
1 -1 s a(s) 0
The characteristic equation takes the form
A(g)s* + B(g)s + C(q) =0 (14
where
A(q) = Andn — ApAx (152)
B(q) = An + An (15b)
Clg) =1+ Ay (15¢)

The roots of Eq. (14) represent stable motion (i.e., possess
negative real parts) if and only if 4 # 0 and both B/A and
C/A are positive (Routh’s criterion). It turns out (Egs. 15, 11,
7, and 5) that, for a vehicle designed to be statically stable as
a rigid body, A (0), B(0), and C(0) are all positive. The actual
(least g) instability thus occurs, on increasing g , whenever any
one of A, B, or C vanishes while the other two are still
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positive. The following cases might exist:

@ A=0, B>0, C>0
(i) A>0, B=0, C>0
(i) A>0, B>0, C=0

Cases (i) and (i) are nonphysical; they involve unsteady
acceleration (s # 0), thereby violating assumption 4. Fortu-
nately, it has been shown elsewhere!® that for “‘typical’”’ 2L
configurations their (mathematical) occurrence is quite un-
likely. [The demonstration is based on numerous diverse
examples and partly qualitative analysis: if ‘‘typical’”’ means
¥11>0, 21 <0, then, for either case (i) or (ii) to happen, the
unlikely condition (v — ¥22)/(y11 — v21) = jé/hy must be
satisfied.] Case (iii), on the other hand, does conform with the
theoretical assumptions and is the rule in 2L’s. Anticipating
results to come, we refer to it as ‘“divergence’’ (div).

Letting C = 0 in Eq. (14) we find the divergence roots,

sf=0, s = —-B/AwW<O (16a,b)
which, being real, show that divergence is nonoscillatory. The
divergence dynamic pressure is readily obtained from Egs.
(15¢, 11c¢):

don = L ( ho +L>
a Yt — va \enerCp,  2p an

A common measure of static stability of (rigid) flight
vehicles is the static margin, represented here by hy. From
examination of Egs. (15c, 11c) an analogy with respect to their
role in C can be seen to exist between Ay of a rigid vehicle
(g = 0) and the quantity

h=hy— q[CNCTCLa('Yll -~ v201 (18)

of a flexible one. Equation (18) is therefore suggested as a
natural definition of the generalized static margin (GSM), a
prevalent® measure of flexible vehicles static stability.

The GSM is seen to vanish at a dynamic pressure gy

ho

= (i9a
n enerCr, (vin — v21) )
Qdiv enerCr, < 1 )

=1+ — 19b
qn ho 2p (150)

which, for vehicles of reasonable A, is practically indistin-
guishable from gg4;,. This is so because u is large; it is roughly
the ratio of the vehicle mass to that of the air it displaces
(Eq. 7a). Taking g4y = g, the GSM can be expressed as
follows:

ho= hy (1 = Q/Qaiv) (20)

Provided the linearity-in-Q is carried over, this form is not
restricted to vehicles of the 2L variety, or to static margins
based on /. As such, it may serve as quite a general definition
of the GSM.

Another distinguished g is gp, for which the short-period
mode frequency just vanishes. It is determined by the
condition B2 — 4AC = 0, leading to

4o _ _ (An—An) \ onerCr, (1
qr 44 D hy 2u (21a)

sb) = s = (— B/2A)ay, = s§/2 (21b)
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Fig. 4 Short-period mode root-locus, qualitative.

Again, for reasonable-4, vehicles, gp is very close to g (and to
daiv). In general, gp <g), <quy (Fig. 4).

The small discrepancies between gp, g» and gg, can be
traced to aerodynamic damping, making the vehicle dynami-
cally stable even when statically slightly unstable, and making
its motion nonoscillatory even when 4 (a factor in the aero-
dynamic ‘‘spring constant’’) is still positive. For practical pur-
poses, however, one may take gp = g, = Qaiv-

For g < gp the approximate (u > 1) short-period mode
dimensional frequency is Q@ = (U/I, NC/A, or

_ 4phy Q 9o
@ = pl’cnerCr, A(Q) (1 Op > @

We see that Q vanishes at Q =0 and Q = Qp and has a
maximum somewhere in between (Fig. 4). Consequently, {2 is
always less than that of the associated rigid vehicle (Qp — o).
Thus, in a vehicle designed to roll at a frequency smaller than
its rigid @, failure to consider this may result in an unexpected
roll resonance. Finally, we recall that, by assumption 4,
excessive proximity of { to the first bending mode frequency
may affect the accuracy of Eq. (22).

Divergence Steady-State Motion
Let in Eq. (13) 1 + A,; = 0 (divergence), add the initial
condition terms and rewrite as follows:

Ay sAp -1 s7(s) sAxo
0 Ap 1 sx(8) =4 Axxot ap (23)
1 -1 K sa(s) Salg

where the subscript ‘0’ denotes initial state. The steady-state
motion is now readily obtained using the Laplace transform
final value theorem, lim,_ . f(¢) = lim,_osf(s):

Ay 0 -1 Neo 0
0 Ay 1 Xeo [ =19 Anxo+ o (24)
1 —1 0 Qoo 0

APPROACH TO ROCKET VEHICLES AEROELASTIC DIVERGENCE 99

which leadst to the following features of interest:

O div = const = A“(A22X0 + ag)/B (253)
Owgw = 0 (25b)
Megv = 0 (25¢)

U ogiv = (U giv

= oho/(ANCNE11 — NrCT821) (25d)
(Ln/L)wgy = M (25¢)
L1/Lywgy = M (251)

(Crdiv /(CLyrigia
= ener(yn — Ya)/ (ynenYu — YrCry2n) (258)
e v £ I

w(x) consists of mode 1 only. Thus, at divergence, the vehicle
flies just as a rigid-bent one would: with a constant, trimmed
angle of attack and a constant rate of turn. Its deformation
shape is then pure mode 1 [see Eq. (4a)]. The amount of
response is determined by the strength of the initial distur-
bance. Note that because {¢] is constant, the results, Egs. (25),
are in good accord with assumption 4.

Effects of Aerodynamic Misalignment
In the sense of this work, a vehicle is aerodynamically
misaligned if in the unstressed state its elastic line forms non-
vanishing angles, ¥, ¥r, at points N and T, respectively,
with the rigid line. The symbols n, Y7 are nonelastic
counterparts of ¢5, ¢7. The misaligned vehicle equations of
motion are

Apn + Apx* —a = AryYn + MYr
A+ Ay + Apx* + a* =Yy — ¥r (26)
77— x +a*=0

Repeating previous-section steps, only with 1 + A, # 0, the
misaligned vehicle predivergence behavior is found to be

_ __¥n—¥r  Au@)/qav

% = cOnSL= 2ulyn —v21) 1 —q/qq
= (A\r¥n + AvYr) (27a)
8. =0 (27b)
M,=0 (27¢)

. ; Yn — ¥r Q/ Quiv

Ui = (U)o = .

U= = (UB) gn—8 1-0/Quy (27d)

All actual vehicles are to some extent misaligned. They fly
with a constant, trimmed angle of attack and a constant turn
rate. Equations (27) show that, apart from an amplication
factor 1/(1 — g/quiv), this behavior is qualitatively unmodified

tHaving solved Eq. (24) for e, X, and e assume qgiy = g and
use Egs. (1), (2), (4), (4a), (5a—c), (7a), (7c-k), (10a,b), (11a), (15b)
and (19a). Also use \v + A7 = ¢y + c7 = 1 and Q = pU?/2.
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Table 1 Vehicle A (upper) and vehicle B (lower)
distributed properties®

J. SPACECRAFT

Table 2 Vehicle A (upper) and vehicle B (lower)
concentrated quantities

Flexural beam Mass per

Station, stiffness, EI, unit length, Clps
m 10N - m? kg/m m-!
0.0 1.0 30 0.000
0.4 1.0, 0, 1.5 30, 60 —_
0.5 — 60, 14 S
2.7 —_— 14, 62 —_—
2.8 1.5,0, 0.4 62, 20 0.217
2.9 _ 20, 30 —_
3.4 _ —_— 0.573
3.9 —_— 30,20 2.165
4.0 0.4,0,0.2 —_ 3.820
4.1 —_ 20, 10 _—
5.0 0.2 10 0.000
0.0 1.0 30 0.000
0.4 1.0, 0, 1.5 30, 60 —
0.5 —_— 60, 14 —_
2.0 — —_— 0.350
2.7 —_— 14, 62 —
2.8 1.5, 0, 0.25 62, 12 0.859, 6.366
2.9 0.25, 0.20 12, 18 4,775, 0.000
3.4 —_ —_ 0.000
4.0 —_ 18, 12 0.159
4.5 0.20, 0, 0.10 12, 6 2.515, 4.106
5.0 0.10 6 0.000

aMultiple-valued entries correspond to discontinuties. Intermediate values are
obtained by linear interpolation. See also Fig. 5.
*Coefficient of lift-slope per unit-length, referred to S,.

by flexibility. The significance of gg;, lies in the mathematical
unboundedness of acceleration and deformation. Actually,
however, either moderating nonlinear effects or structural
failure must occur at substantially lower dynamic pressures.
The analogy to imperfect column buckling is evident.

Conversion of Actual Lift Distributions

To apply the present theory to actual, distributed-lift
vehicles, one must somehow choose points N and 7 and
determine appropriate C,,  and CLaT. The theory so far pre-
sented has no preference Yo any particular method of ob-
taining these quantities; yet results such as g4, are strongly
sensitive to their values. It therefore should be understood that
successful application of the theory depends not only on its
own merits, but also, crucially, on the method used to convert
actual distributions into pairs of concentrated lift-slopes. The
method proposed here involves, for convenience, the lift
distribution only, and is based on conserving its four
lowest-order moments:

”
K, = S x"¢;, (x)dx = xp CLuN + x7 CL::(T
0
n=01,273 (28)

(For notation, see Fig. 2.) Equations (28) constitute a system
in the unknowns xn, X7, CL"N’ and C,, . They guarantee the
conservation, upon conversion, of the {otal lift and pitching
moment coefficients, for all rigid-body modes as well as for
bending modes with shapes expressible by, at most, a cubic
polynomial. Solving them we obtain

/- VK3K? + AK3K; + 4KoK3 — 3K3K? — 6KoK KK,
- KoK, — K}

(2%9a)

Xy + Xr = (KoK — KiKy)/(KoK; — Kf) (29b)

and the rest follow easily.

Station, m Quantity Value
82 Concentrated lift-slope coefficients?® 1.910
0.4
2.8 Structural joints stiffnesses 0.6 % 10% N-m/rad
4.0
82 Concentrated lift-slope coefficients? 1.910
0.4 0.60 % 10° N-m/rad
2.8 Structural joints stiffnesses 0.18 x 105 N-m/rad
4.0 0.30% 10% N-m/rad

aReferred to S,.

Table 3 Selected parameters calculated for vehicles A and B

Parameter Vehicle A Vehicle B
m 100.0 Kg 85.00 Kg
Xeg® 2.361 m 2.152m
i 0.1313 0.1342
3.894 m 3.862 m
W 0.4536 0.5288
AT 0.5464 0.4712
Ciy, 7.101 6.953
cN 0.4374 0.3560
cr 0.5626 0.6440
ho 0.1090 0.1153
ré 0.2580 0.2425
yil 2.357x1072 2.991x10~2
Y21 —1.486x1072 —1.583x 1072
Y12 —2.351x10~* —2.423x1073
2 4.148x 1074 ~1.243x1073
" 667.3 571.9
S, 3.142x 1072 m? 3.142% 1072 m?
(ED), 3.333x10° N- m? 1.926 X 10° N m?

*Measured from extreme aft.

We conclude by pointing out an interesting property of the
pair (xp,XT),

le
jo (x —xn)(x — xr)e (x)dx = 0 30

which exposes it as a sort of ‘“double’” center of pressure. It
is also possible to define a quantity o, akin to statistics
‘‘standard deviation,’” which constitutes a measure of the de-
viation of c¢,(x) from the model of two concentrated
lift-slopes:

04

180 j[e(xlx,\,)l

=7 o - (x = xr)e,(x) dx €2))

The vanishing of o thus defined is a necessary and sufficient
condition for the aerodynamic load to be of the (xy, Xx7)-
two-concentrated-forces type. A uniformly distributed ¢, (x)
makes ¢ = 1.

Numerical Examples

Extensive numerical tests were carried out'? in order to
establish present theory performance and limits of validity.
Two examples, designated vehicle A and vehicle B, defined in
Tables 1 and 2 and in Fig. 5, are presented here. Vehicle B is,
in fact, a ““3L”’ rather than “2L”’ configuration. It is included
for the purpose of demonstrating the power of the theory to
cope with even this, seemingly unfit, case. Table 3 brings
selected parameters calculated for the two vehicles. In
addition, examples for which actual divergence data exist
(Jabiru sounding rockets''!) are presented in Figs. 6 and 7.
They show remarkably good agreement for 3L’s.
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Beside experimental results, comparisons are made with
results of Ref.9 method. That method uses a refined
finite-element procedure to obtain four natural vibration
modes and two rigid-body modes, together with their general-
ized masses, stiffnesses, and aerodynamic matrices. The
6 X 6 modal system then undergoes a numerical, dynamic

Vehicle A
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0. 1. 2.

T T 1
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© 0 T T 1
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Vehicle B

10~EI, N.-m?

2 4.4
s
\:;2._
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0. 1. 2. z,m 3. 5.

Fig. 5 Vehicle A (upper) and vehicle B (lower) distributed pro-
perties.
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stability root-locus analysis. Only frequency-domain charac-
teristics are available for comparison. Reference 9 method is
superior to the present one in two respects: 1) it treats the
aerodynamic loads rigorously, without resort to conversion,
and 2) it takes proper account of inertial loads associated with
deformation acceleration.

We are interested in separating the error of the present
method relative to that of Ref.9 into two parts, cach
associated with one of the above sources. The reason is that
only the second one constitutes a source of error inherent in
the theory, whereas the first reflects only on the conversion
method. To this end three calculations have been made for
each vehicle: 1) pure present-theory; 2) conversion, then
Ref. 9 method, and 3) pure Ref. 9 method.

Table 4 summarizes selected results and relative errors. It is
seen that, as far as dynamic pressures are concerned, the total
error is dominated by the conversion error. That incurred by
assumption 4 is by far smaller and, from an engineering
standpoint, insignificant. Note also that current theory results
are conservative. Most striking are, however, the reasonably
good results obtained for 3L-configured vehicle B.

,T:jlr__ _______%___,__,_H_ >
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g
]
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0 T
0. 50. 100. 150. 200. 250.
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Fig. 1611 Jabiru vehicles (Rounds 901 and 904) distributed proper-
ties. ™.

Table 4 Selected results and comparison with Ref. 9 method

Vehicle Gdiv q o —100s& —~100sP ~100s® —100sp 10001,°

A (I) Present method 1.643 1.624 1.622 1.527 0.5444 0.9835 0.7640 4.673
(IT) Ref. 9, converted 1.631 1.6112 1.610 1.488 0.56032 0.92882 0.7446 4.656
(IIT) Pure Ref. 9 1.723 1.7022 1.701 1.517 0.55762 0.9604 0.7591 4.690
Assump. 4 error, L:II, % 0.8 0.8 0.7 2.6 -~2.8 5.9 2.6 0.4
Total error, [:1I1, % —4.6 —4.6 —-4.7 0.7 —-24 2.4 0.6 —0.4

B (I) Present method 1.600 1.581 1.579 1.727 0.6110 i.116 0.8634 5.169
(II) Ref. 9, converted 1.579 1.5612 1.559 1.700 0.61792 1.0832 0.8504 5.168
(III) Pure Ref. 9 1.811 1.7912 1.788 1.755 0.57872 1.1762 0.8775 5.253
Assump. 4 error, L:II, % 1.3 1.3 1.3 1.6 —-1.1 3.0 1.5 0.0
Total error, I:111, % —-11.7 -11.7 —-11.7 -1.6 5.6 -5.1 1.6 —1.6

*The method of Ref. 9 does not yield g, directly. The values appearing here were obtained as lim,_ .gg- bw,, = Nondimensional short-period frequency for

@/ qay = V2.
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Fig. 7 Jabiru vehicles divergence data' and theoretical predictions.

Concluding Remarks

The phenomenon of rocket vehicles aeroelastic divergence,
as related to configurations having only nose and tail
aerodynamic lateral forces, has been modeled and investigated
in closed form. Notable results are the flexibility influenced
short-period mode equations of motion, Eqgs. (8), (12), and
(26); the divergence dynamic pressure and its approximation,
Eqgs. (17) and (19); the generalized static margin, Eqs. (18) and
(20); and the divergence steady-state motion, Eqs. (25) and
(27). Application to distributed-lift vehicles is made possible
by means of Eqs. (28) and (29).

Considerable simplification arises in general divergence
analyses if, in addition to employing assumption 4, certain
results of this work are assumed a priori. They are: 1) the
unimportance of transverse velocity terms in the aerodynamic
forces, which merely cause a slight offset between qgiv, gs,
and gp and 2) the existence in divergence of a static trim
condition, § = 0, M = 0 (Eqs. 25b and c¢). Using these, the
general ROVALD problem can be reduced to an elementary
algebraic one in « and Uy.

J. SPACECRAFT

The results obtained here highlight the essentials of
ROVALD and the features responsible for it: mass, stiffness,
and lift-slope distributions such that lateral-translational
acceleration, maintained by aerodynamic forces, bends the
vehicle into a shape which increases the nose angle of attack
relative to that of the tail. Divergence-prone configurations
are those having most of their mass and flexibility distributed
inward of the main lift-slope localities. These include all
typical rocket vehicle configurations as well as some flexible
canard flight vehicle ones.

In the introduction to this paper the idea of the concen-
trated lift-slope pair is presented as an intuitive approximation
to a 2L-type ¢, (x) distribution. We are now in a position to
propose a radical change in this view, namely, that for any
divergent vehicle, 2L or not, there exists such a pair, which
constitutes an equivalent— with respect to short-period and
divergence behavior— of the actual ¢, (x); it is defined as the
pair conserving Cr,, Chu,, Cum, > and qqy. (Since A is the
dominant factor in the decreasing of both static stability and
short-period frequency it is believed that the gg,-conserving
pair will also fairly well conserve short-period frequency,
provided the latter is sufficiently separated from the first
bending frequency.) If gq;y is known in advance then this
equivalent can be determined exactly, by some iterative
method involving Eq. (17); or else, an approximation of it
must be sought, using conversion methods such as those
presented here. With this in mind the present model acquires
a far greater generality than has initially been possible to
presume.
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